Abstract. If K is an infinite field and G ⊆ K is a subgroup of finite index in an additive group, then K * = G
(v) Let S = Z/nZ where n is a natural number, R = S [x] and H is a proper subgroup of S. If G = {f (x) = a 0 + a 1 x + ··· + a k x k : a i ∈ S, a 0 ∈ H}, so G ⊆ R is a subgroup of finite index in an additive group and G * = ∅. If the square of every prime number does not divide n and a 0 ∈ S but a t ∈ H, for finitely many t > 0, then G ⊆ R is a subgroup of finite index in an additive group, G * = R * and G * G * −1 = R * .
(vi) Let R = Z[x] and G = {f (x) = a 0 + a 1 x + ··· + a n x n : a 0 ∈ mZ (m > 1), a i ∈ Z (i ≥ 1)}. So G ⊆ R is a subgroup of index m in an additive group. It is clear that
(vii) Let Q be the set of rational numbers and v 2 the 2-adic valuation on Q. Then R = {x ∈ Q : v 2 (x) ≥ 0} = {m/n ∈ Q : (n, 2) = 1} is a valuation ring (cf. [3, 10, 11, 12] or [13] ). If G = {2m/n ∈ R : (n, 2) = 1}, then G is a subgroup of finite index 2 in an additive group where 0 + G and 1 + G are two distinct cosets G in R. It is easy to see that G * = ∅, R * = {m/n : m = 2k + 1, n = 2l + 1}, and
The above statement can be shown for any p-adic valuation ring in Q. By Proposition 1.1, Corollary 1.2, and the previous statements, the following question may be raised. Question 2.1. If F is a finite field or a ring and G is a subgroup of finite index in an additive group, must
We will answer the question for all finite fields and some rings. If F is a finite field and |F | is sufficiently large to the index of G, in other words, G is sufficiently large, then G * G * −1 = F * , see the following result. 
Proof. (i) Let r ∈ R * be any element. By the pigeonhole principle there exist s, t ∈ S such that s − t = a and r s − r t both lie in
(ii) This part is an immediate consequence of part (i).
Apply the lemma with S = K for the proof of Proposition 1.1, with S = D for the proof of Proposition 1.1 and Theorem 2.2(i).
We now state the following definition which is a key concept in the paper. This is the analog of [1, Definition 0.1].
If R is a ring which is a divisible group, then R has no additive subgroups of finite index (cf. [6] ). Combining this statement, Lemma 2.4, and Definition 2.5 we obtain the following result.
Proposition 2.6. If D is an infinite division ring, then every ring R which contains a copy of D is a G
, and
Proof. If char(D) is zero then every ring that contains a copy of D is a divisible group and hence
Remark 2.7. The converse of Definition 2.5 does not necessarily hold.
But G is not of finite index in an additive group. 
Properties of G
Proof. Let G ⊆ R be a subgroup of finite index in an additive group. Since
Let R be a commutative ring and R[x] the polynomial ring over R. The element 
Proof. We have (R[x]/I)
is a subgroup of finite index in an additive group, then G is an additive subgroup of
As an immediate consequence we obtain the following result. Proof. Let G ⊆ R be a subgroup of finite index in an additive group. Put
is a subgroup of finite index in an additive group and
Thus the proof is complete.
Here, we give a necessary condition for infinite R; G * G * −1 = R * , this condition is not sufficient. We also verify the behavior of G * G * −1 -ring under homomorphisms.
fore S = 0 which is a contradiction, and the proof is complete.
(ii) Let G ⊆ S be a subgroup of finite index in an additive group. Put
then H is a subgroup of R. Now define the following homomorphism 
Proof. Suppose
G ⊆ R = R 1 × R 2 is a subgroup of finite index of R. Put A 1 = {a ∈ R 1 : (a, 0) ∈ G}. Now define α : R → R 1 × R 2 G , α(a) = (a, 0) + G,(3.−1 = R * 2 . Now we have A 1 × A 2 = {(a, b) | (a, 0), (0,b) ∈ G} = {(a, 0) + (0,b) | (a, 0), (0,b) ∈ G} ⊆ G + G ⊆ G and also (A 1 × A * 2 )(A 1 × A * 2 ) −1 = (A * 1 × A * 2 )(A * 1 −1 × A * 2 −1 ) = A * 1 A * 1 −1 × A * 2 A * 2 −1 = R * 1 × R * 2 = R * . Since A 1 × A 2 ⊆ G then G * G * −1 = R * and thus R * is a G * G * −1 -group.
Theorem 3.7. Let R be a ring, I its ideal and every element of 1 + I is invertible. If
R is G * G * −1 -ring then R/I is also G * G * −1 -ring.
Proof. Let G/I ⊆ R/I be a subgroup of finite index in an additive group, then G ⊆ R is a subgroup of finite index in an additive group. Choose r + I ∈ (R/I)
* where r ∈ R * and r = g 1 g
Theorems 3.5, 3.6, the properties of isomorphism, Proposition 2.6, Artin-Wederburn theorem (cf. [8] ), and Theorem 3.7 imply the following result. 
This also holds for real quaternions. But in general we have the following result. This question is answered for a finite-dimensional division algebra (or more generally central algebra). Clearly 
If D is noncommutative (i.e., of degree n ≥ 2) then the following lemma shows that
Lemma 3.12. Let D be a finite-dimensional division algebra of degree n ≥ 2 with center F and let
Since D is noncommutative, n ≥ 2 and thus 2d = 2n 2 − 2 > n 2 . Now apply part (a).
Question 3.13.
(1) If R is not a finite homomorphic image, must R * be infinite?
Must R contain an infinite subset with invertible differences? (2) Is there a ring with no finite homomorphic image, but with some finite index subgroup G avoiding all units: G * = ∅?
contain an infinite sets with invertible differences? (4) If R is a G * G * −1 -ring, then must the matrix ring M n (R) also have that property? 
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